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Abstract
Exact self-similar solutions are constructed in the form of a traveling heat wave for nonlinear integro-differential
equations describing nonstationary kinetic radiation and energy transfer in 3D spherically nonsymmetrical geometry.
Solutions for simpler geometries are the particular cases of the solution obtained. The solutions are obtained for
specially selected absorption and scattering coefﬁcients. The class of exact solutions obtained is applicable both to
gray medium and to spectral radiation transfer, and can be used to test numerical methods for direct and inverse
transfer problems. An example of a 3D boundary problem is presented.
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1. Introduction
Analytical solutions to problems of mathematical physics are of great interest because they can serve
as exact tests for numerical techniques and computer codes. Therefore, in practice, it is desirable that
they were not only analytical but also exact, that is, those, by which a solution could be obtained with any
accuracy. Moreover, it would be good if they provided adequate modeling of different physical processes
and material properties. Exact solutions in the ﬁeld of radiation transfer theory have been the subject
∗ Corresponding author.
E-mail address: v.v.zaviyalov@vniitf.ru (V.V. Zaviyalov).
0377-0427/$ - see front matter © 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.cam.2005.04.037
636 V.V. Zaviyalov et al. / Journal of Computational and Applied Mathematics 189 (2006) 635–642
of a large list of the literature, starting from the earliest papers, for example [2,4,7]. At RFNC-VNIITF,
named after Academician Zababakhin, the work on search and application of exact solutions has been
conducted for a long time. The advance of high-performance computers led to the intensive development
of multi-dimensional computing methods that need to be veriﬁed and tested and exact solutions can be
used for this purpose. The paper describes the construction of a class of particular exact solutions that
are very convenient for practical application. The proposed approach is based on [1,3,5,6] and develops
the ideas therein.At RFNC-VNIITF, this class of self-similar exact solutions has been widely used to test
numerical techniques (see, for example, the recent paper [8]).
2. Exact solutions of spectral radiation transfer in kinetic approximation in absorbing, emitting
and isotropically scattering media
Consider the following system of radiation and energy transfer equations (without accounting for
medium movement):
c¯
I
t
+ ∇I + ( + k)I = B + k4
∫

I d ,
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t
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(I − B) d. (1)
Here I(r,  , t) is radiation intensity in a point r at a time t in a solid angle  , c¯= c−1 is the inverse light
velocity, (T )> 0, k(T )0 are absorption and scattering coefﬁcients, T (r, t) is particle temperature,
E(r, t) is internal energy,  is photon energy, B(T )= p3(e/T − 1)−1 is Planck function (B(T )= T 4
in the gray medium approximation), and , p are positive constants.
We ﬁnd a solution of system (1) in the following form:
T = T (), I(r,  , t) = B(T )f (r,  , t), k(T ) = k0(T ), (2)
where (r, t) is a self-similar variable, f (r,  , t)> 0 is some function, and k0 > 0 is a constant. Substi-
tuting (2) into (1) yields
1
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t
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4
∫

f d
)
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If we choose the absorption coefﬁcient in the form
 = 0  lnB

, (4)
where 0 is a constant, we rule out the dependence on frequency and reduce further consideration to a
case with the gray medium. Further to identically satisfy Eq. (3) it is enough to assume
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Fig. 1. Spherical coordinate system.
From the second relationship in (5) we determine a form of the sought function f (r,  , t)
f = 0
(
1 + (k0/4)
∫
 f d
)
0(1 + k0) + c¯ (/t) + ∇
= f¯
(1 − k0F)(1 + 
) , (6)
where
∫

f d = f¯
(
1 + k0
4
∫

f d
)∫ 2
0
∫ +1
−1
1
1 + 
 d d	 =
4F
1 − k0F , f¯ = 
, F = Arth 
,
b = ∇, 
 = |b|
0(1 + k0) + c¯ (/t) ,  =
0
|b| , |
 | = 1, −1 = cos( , b)1.
In spherical coordinates (see Fig. 1), ϑ is the angle between the Z axis and the vector r (polar angle),
and  is the angle between the x axis and the projection of the vector r onto the horizontal plane XY
(horizontal angle). The photon direction is deﬁned by the vector  in the local coordinate system, and its
location is deﬁned by two angles: the angle 	 between  , r and the angle  between the projection of 
onto the plane perpendicular to the radius, and the intersection of this plane with the plane rZ. Then the
coordinates of vectors  , r are
 = {sin 	 cos, sin 	 sin, cos 	}, r = {r sin ϑ cos, r sin ϑ sin, r cos ϑ},
and the translation operator takes the form
∇ = cos 	 
r
+ sin 	
r
(
cos

ϑ
+ sin
sin ϑ


− 
	
− sin ctgϑ 

)
.
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Assuming equity of the mixed derivatives, we substitute (6) into the ﬁrst equation in (5) and obtain
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It is a quadratic function of the coordinates of the vector  . To identically satisfy the equation we assume
the corresponding coefﬁcient of a polynomial to be equal to zero; then we obtain a system of second-order
differential equations in partial derivatives. Its solution takes the form (r, t):
 = 1
{w0
2
(r2 − c2t2) + r[(0 sin − 1 cos) sin ϑ− 2 cos ϑ] + v0t + 0
}
,
where w0, v0, 0, 1, 0, 1, 2 are constants. The peculiarity of the obtained solution in spherically
nonsymmetrical geometry is that by varying the components of the vector = {0, 1, 2} and the value
of the parameter w0 it is possible to model the heat wave movement in different geometries. Thus, if
0 = 1 = 0, we obtain a 2D problem, and, generally speaking, the form of (r, t) is equivalent to
cylindrically symmetric geometry,  = 0 corresponds to spherically symmetric or 1D cylindrical case.
Assuming w0 = 0, we obtain the self-similar variable corresponding to 3D Cartesian coordinate system.
Assuming that the material energy exponentially depends on temperature, we present the equation of state
in the formCVT n (n> 0),CV(r, t) is material heat capacity at constant volume multiplied by density. By
deﬁnition,CV(r, t)=E/T . Knowing that the energyE(r, t) does not explicitly depend on temperature
and taking, as usual, p = 15−4, we write the second equation in system (1) as follows:
CV
T n
t
= 160T 3 dTd
(1 + k0)F − 1
1 − k0F ,
CV = 160T
4−n
n1(v0 − c2w0t)
(1 + k0)F − 1
1 − k0F .
In order to identically satisfy the requirement of constant character of volumetric heat capacity CV one
can add an independent energy source (sink) into the right-hand side of the equation. If we choose n= 4,
w0 = 0, then CV = const in Cartesian coordinate system.
3. Choosing parameters
The exact solution corresponding to physical meaning for the problem ﬁnite domain is to be observed
by choosing the above constants. Consider this issue in detail and for the sake of simplicity assume that
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/t does not change its sign. From nonnegativity of all the values within the initial system one may
draw the following conclusions:
(1) It is required that 0< |
|< 1, then the transition to arc-hyperbolic tangent is valid. This gives the
following limitation on the norm of vector b:
|b|L2 =
{[

r
]2
+
[
1
r

ϑ
]2
+
[
1
r sin


]2}1/2
=1
{[
(0sin−1cos)sinϑ−2cosϑ+w0r
]2
+[(0 sin − 1 cos)cosϑ+ 2 sin ϑ]2 + [0 cos + 1 sin]2}1/2
= 1
{
w0r
[
w0r + 2
(
(0 sin − 1 cos) sin ϑ− 2 cos ϑ
)]+ 20 + 21 + 22}1/2
max |b|L2 < |0(1 + k0) + 1(c¯v0 − w0ct)|.
(2) Function F can be conveniently presented in the form F = f¯ 
−1 Arth 
. From this it is obvious that
F > f¯ .
(3) Since sign f¯ = signF = sign(1 − k0F) and k00, f¯ > 0, sign  = sign 
, k−10 >F . In practice, it
is always possible to satisfy the latter requirement, making tougher the restrictions on choosing of
parameters  and, correspondingly, of vector b because of the following inequality:(
1


−
(
0 + c¯ 
t
) ∣∣∣b∣∣∣−1)Arth 
< 1
and to ease the selection of the constant k0 it is suitable to use the following relation:∣∣∣∣0 + c¯ t
∣∣∣∣ 
∣∣∣b∣∣∣ , sign(0 + c¯ 
t
)
= sign 

(4) Let sign 0 = sign /t ⇒ f¯ < 1, f¯ → 0, 
 → 0, F → 0, and from the condition that CV is
positive it follows that k−10 >F >(1 + k0)−1; therefore |b|?c¯(/t) is required.
4. Example
Consider a problem of gray medium approximation without accounting for scattering effects (k0 = 0).
Let us consider a 3D boundary problem a solution to which is sought in the ﬁrst octant of Cartesian
coordinate system limited by two spheres of radii R0 = 8 and R1 = 18 that corresponds to the range
of spherical coordinates (R0rR1, 0/2, 0ϑ/2). Outward normals to body surfaces are
opposite to radius-vector, coincide with it and with normals to coordinate planes XZ, YZ,XY . Take
c = 3000, n = 4,  = 1.37c
4
, w0= − 0.0002, v0 = 0.0001, 1 = 1,
0 = 2, 0 = 0.5,  = {−0.1, 0.1, 0.1}.
Note that in the gray medium approximation we can construct the solution in the form B = B(). The
exact solution to our problem will have the following, rather simple, form (t0 is the initial time):
T (r, t0) = Tfone, I (r,  , t0) = T 4fone = Bfone,
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I (r,  , t) =
⎧⎪⎨
⎪⎩
0.5B
cos 	

r
+ sin 	
r
(
cos

ϑ
+ sin
sin ϑ


)
+ 0.0001(2ct + c¯) + 0.5
, I >Bfone,
Bfone IBfone,
T (r, t)=
{
T ()==0.0001(c2t2+t−r2)−0.1r[(sin+ cos) sin ϑ+ cos ϑ]+2, T >Tfone,
Tfone, T Tfone,
Cv(r, t) = 3425(F − 1)
tc + 0.5c¯ , F () =
0.5
|b| Arth
|b|
0.5 + 0.0001(2ct + c¯) , (T ) =
2
T
,
∣∣∣b∣∣∣=√−0.0002r [−0.0002r − 0.2 ((sin + cos) sin ϑ+ cos ϑ)] + 0.03.
Boundary conditions are determined from the presented formulas. Figs. 1 and 2 show 1D diagrams in
which the functions are considered along the radius vector at an angle of 45◦ to Cartesian coordinate
planes. Fig. 2 shows the traveling heat wave for different times and Fig. 3 shows intensities for different
values of  = −1, 1 at the termination time t = 0.03.
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5. Conclusion
Thus, the paper presents the exact solutions of system of nonstationary spectral equation of radiation
and energy transfer obtained with the help of speciﬁcally chosen coefﬁcients of absorption and scattering.
With the graymedium approximation the approach is completely identical. This approach does not require
introducing any additional terms into the original equations that may distort the nature of the physical
processes under consideration. Let us note that in spite of some “artiﬁciality” of absorption coefﬁcient,
it allows physically modeling the correct behavior of the solution. Moreover, it is possible to choose the
absorption coefﬁcient in the form  = 0( lnB/T ). The used form (4) seems to be preferable in the
respect that if for a test the form of function (T ) is not important, then arbitrary function T () is the
problem solution, by this function all the dependent values are found. Otherwise if the form (T ) is
imposed by a test, then the problem solution is completely determined by ordinary differential equation
(4), from which it is possible to ﬁnd the temperature. Probably, this class of analytical solutions can be
generalized tomodelmore complex cases of the problem, in particular, accounting of radiation anisotropy,
heterogeneous media and others. So, for example, a class of exact solutions for heterogeneous media is
proposed in [1]. The solution is constructed from the physical condition of continuous intensity at the
interface, while temperature may have a discontinuity. Ref. [6] proposes an exact solution obtained
for an anisotropy case for two specially selected scattering indicatrices. In both cases, the method of
undetermined coefﬁcients is actually used for plane-parallel geometry, i.e., following from the above
condition, we deﬁne some parameters of the solution, write a system of relations and solve it to obtain
the values of lacking quantities. Despite some shortcomings of this approach (for example, energy is
not explicitly dependent on temperature and absorption and scattering coefﬁcients are proportional), the
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results obtained can be used for the development and testing of new techniques and codes for the numerical
solution of radiation transfer problems. The work was done under ISTC Project 1778.2.
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